Abstract. Set A := Q/(f ), where Q is a polynomial ring over a field, and f = f 1 , . . . , fc is a homogeneous Q-regular sequence. Let M and N be finitely generated graded A-modules, and I be a homogeneous ideal of A. For every l ∈ {0, 1}, we show that (1) reg Ext 2i+l A
Introduction
Let Q = K[X 1 , . . . , X d ] be a polynomial ring over a field K with its usual grading, i.e., each X i has degree 1, and let m denote the maximal graded ideal of Q. Let N be a finitely generated non-zero graded Q-module. The Castelnuovo-Mumford regularity of N , denoted by reg(N ), is defined to be the least integer m so that, for every j, the jth syzygy of N is generated in degrees m + j.
For a graded ideal I, in Q, Kodiyalam [Kod00, Theorem 5] and Cutkosky, Herzog and Trung [CHT99, Theorem 1.1] independently proved that reg(I n ) = P n + e for all n ≫ 0, where P and e are constants. The number P can be determined using reduction of I. Kodiyalam also proved that for N and Q as above, the regularity of nth symmetric power of N and related modules are bounded above by linear functions of n with leading coefficient at most the maximal degree of a minimal generator of N ; see [Kod00, Corollary 2] .
For many ideals, in [G16a, Corollary 4 .4], the first author showed that for ideals I 1 , . . . , I t , there exist positive integers k and k ′ such that reg(I n1 1 · · · I nt t ) (n 1 + · · · + n t )k + k ′ for all n 1 , . . . , n t 0.
A natural question is whether in the multigraded case, the regularity (for many ideals) is asymptotically linear. See [BC17, Example 3.1] for an example where this fails. Let a be a homogeneous ideal of Q. Set A := Q/a. If M is a finitely generated graded A-module, then we can simply set reg A (M ) := reg Q (M ). There is also an intrinsic definition for regularity of graded modules over A which coincides with reg Q (M ) (see Section 2.5).
For singular rings A, there exists phenomena which does not arise in the polynomial ring case. For instance, given finitely generated modules M and N , it is unknown whether reg A Tor The purpose of the article is to show that more is true in this case. We prove that if I is a graded ideal of A, then for every l ∈ {0, 1}, the following inequalities hold true:
for all i, n 0, where e l , e ′ l are constants, w := min{deg(f j ) : 1 j c}, and ρ N (I) is an invariant defined in terms of reduction ideals of I with respect to N ; see Theorem 5.4. We also give explicit examples which show that these inequalities are sharp.
We now describe in brief the contents of this article. In Section 2, we give notations and preliminaries on Castelnuovo-Mumford regularity. In Section 3, we discuss cohomological operators (due to Eisenbud), and how these operators provide multigraded module structure on Ext. We deduce our main results from a theorem over arbitrary trigraded setup which is proved in Section 4. Our main results are shown in Section 5. Finally, in Section 6, we give a few examples.
2. Notations and preliminaries on regularity 2.1. Throughout this article, all rings are assumed to be commutative Noetherian rings with identity. We denote the set of all non-negative integers by N, and the set of all integers by Z. Let t be a fixed positive integer. For each 1 u t, e u denotes the uth standard basis element of Z t . We set 0 := (0, . . . , 0) ∈ Z t . Let R be a Z t -graded ring, and L be a Z t -graded R-module. By L n , we always mean the nth graded component of L. An N t -graded ring R is said to be standard N t -graded if R is generated in total degree one, i.e., if R = R 0 [R e 1 , . . . , R e t ]. For a given short exact sequence, by considering the corresponding long exact sequence of local cohomology modules, one obtains the following well-known result.
Let
Lemma 2.3. Let A be as above. If 0 → M 1 → M 2 → M 3 → 0 is a short exact sequence of finitely generated Z-graded A-modules, then we have the following:
2.4. Let Q = K[X 1 , . . . , X d ] be a polynomial ring in d variables over a field K with the usual grading, i.e., deg(X i ) = 1 for 1 i d. Let M be a finitely generated Z-graded Q-module. In this setup, reg(M ) can also be expressed in terms of degrees of homogeneous generators for syzygies of M over Q. Let
be a finite graded free resolution of M over Q, where
(Note that β ij = 0 for all but finitely many j). It is well known that 
Multigraded module structure on Ext
We work with the following setup. 
(Eisenbud operators)
. We need Eisenbud operators ([Eis80, Section 1]) in the graded setup. By a homogeneous homomorphism, we mean a graded homomorphism of degree zero. Let F : · · · → F n → · · · → F 1 → F 0 → 0 be a Z-graded free resolution of M over A. In view of the construction of the Eisenbud operators, one may choose homogeneous A-module homomorphisms t
bi . We set
for 1 j c. Thus the Eisenbud operators corresponding to f = f 1 , . . . , f c are given by t
, where the complex F(+2) is same as F but degree is shifted by +2, i.e., F(+2) n = F n+2 for all n. The homogeneous chain maps t turns into a graded T := A[t 1 , . . . , t c ]-module, where T is the graded polynomial ring over A in the cohomology operators t j with deg(t j ) = 2 for 1 j c. These structures depend only on f , are natural in both module arguments and commute with the connecting maps induced by short exact sequences.
3.4 (Bigraded module structure on Ext). Suppose R(J) denotes the Rees ring n 0 J n X n associated to J. We may consider R(J) as a subring of the polyno-
given by multiplication with u. By applying Hom A (F, −) on these maps, and using the naturality of the Eisenbud operators t ′ j , we obtain the following commutative diagram of cochain complexes:
Taking cohomology, we get the following commutative diagrams of homogeneous A-module homomorphisms:
turns into a bigraded module over S J := R(J)[t 1 , . . . , t c ], where we set deg(t j ) = (2, 0) for all 1 j c, and deg(J s X s ) = (0, s) for s 0. In Section 3.9, we show that E (N ) has a Z 3 -graded module structure.
3.5. Let I be a homogeneous ideal of A. Suppose J is an N -reduction of I, i.e., J ⊆ I and I n+1 N = JI n N for some n 0. Hence the Rees module R(I, N ) = n 0 I n N is a finitely generated graded module over R(J). Note that 
is a graded R(J)-module, where the graded structure is induced by the exact sequence
Thus, by the observations made in Section 3.4, we have that
Hypothesis 3.6. Along with Hypothesis 3.1, assume that N = n 0 N n is a finitely generated graded R(J)-module such that N n is a Z-graded A-module for every n ∈ N. (Note that each N n is finitely generated as an A-module).
One of the main ingredients we use in this article is the following finiteness result. 
is a finitely generated bigraded module over S J = R(J)[t 1 , . . . , t c ].
3.8 (Bigraded module over standard bigraded ring). With Hypothesis 3.6, we set
is a standard N-graded A-algebra. Since J is generated by y 1 , . . . , y b , we may write R(J) = A[y 1 X, . . . , y b X], where deg(A) = 0 and deg(y i X) = 1 for 1 i b. Hence (3.8.1)
is an N 2 -graded ring, where we set deg(A) = (0, 0), deg(y i X) = (0, 1) for 1 i b, and deg(t j ) = (2, 0) for 1 j c. Note that W is a finitely generated N 2 -graded S J -module (by Theorem 3.7), where each W (i,n) is a (finitely generated) Z-graded A-module. In view of (3.8.1), we construct a new standard N 2 -graded ring 
Note that W (2i,n) and W (2i+1,n) are the (i, n)th graded components of W even and W odd respectively. We define the action of S 
. Then, for every 1 j c, we have
Thus 3.9 (Over Z 3 -graded ring). We make S ′ J a Z 3 -graded ring as follows. Write
even is finitely generated (since we are changing only the grading). In a similar way, one obtains that W odd is a finitely generated Z 3 -graded S ′ J -module. In view of (3.9.1), we now set a polynomial ring (3.9.2) even (resp. W odd ). Thus W even and W odd are finitely generated Z 3 -graded S J -modules.
We conclude this section by obtaining the following:
3.10. With Hypothesis 3.6, in view of Sections 3.8 and 3.9, we have that
are finitely generated Z 3 -graded S J -modules, where
for every (i, n, a) ∈ Z 3 , and S J is a Z 3 -graded polynomial ring as in (3.9.2). In view of Section 2.5, we should note that
for all i, n ∈ N.
We obtain our main results by proving a theorem in arbitrary trigraded setup; see Theorem 4.3 in the next section.
Linear bounds of regularity in multigraded modules
4.1. We use notations from Section 2.1. Let for some h j , g k ∈ Z. Note that h j and g k are allowed to be negative integers. Without loss of generality, we may assume that
Clearly, S is a Noetherian Z 3 -graded ring of dimension
be a finitely generated Z 3 -graded S-module. For every (i, n) ∈ Z 2 , we set
It can be observed that S (0,0,⋆) = K[X 1 , . . . , X d ] which is a standard N-graded polynomial ring over K, where deg(X i ) = 1 for 1 i d. Set Q := S (0,0,⋆) . Note that S = (i,n)∈N 2 S (i,n,⋆) , and
where L (i,n,⋆) is the (i, n)th graded component of L. Since we are changing only the grading, S = (i,n)∈N 2 S (i,n,⋆) is Noetherian and L is finitely generated as a Z 2 -graded S-module. Note that S is standard as an N 2 -graded ring, i.e., S = S (0,0,⋆) [S (1,0,⋆) , S (0,1,⋆) ]. Thus, for every (i, n) ∈ Z 2 , L (i,n,⋆) is a finitely generated Z-graded module over Q = S (0,0,⋆) . It can be observed that (for every (i, n) ∈ Z 2 ) the assignment L → L (i,n,⋆) is an exact functor from the category of Z 3 -graded S-modules to the category of Z-graded Q-modules.
4.2.
With the hypotheses as in Section 4.1, by virtue of a multigraded version of Hilbert's Syzygy Theorem, there is a Z 3 -graded free resolution
Note that p varies over a finite direct sum in F l . It should be noted that there is no notion of minimal free resolution over arbitrary Z 3 -graded ring. We set 
Proof. Fix an arbitrary (i, n) ∈ Z 2 . In view of (4.2.1), the (i, n, ⋆)th components yield an exact sequence of Z-graded Q-modules:
Note that if L (i,n,⋆) = 0, then there is nothing to prove. So we assume that L (i,n,⋆) = 0. Hence (F 0 ) (i,n,⋆) = 0. For every 0 l d ′ , we claim that (F l ) (i,n,⋆) is a (finitely generated) Z-graded free module over Q = K[X 1 , . . . , X d ]. (Possibly, (F l ) (i,n,⋆) = 0). For every a ∈ Z, it can be observed that
In view of (4.2.2) and (4.3.2), for every 0 l d ′ , we have
Thus (4.3.1) provides us a Z-graded Q-free resolution of L (i,n,⋆) . This resolution is not necessarily minimal. Since h 1 · · · h b and g 1 · · · g c , it can be observed from (4.3.3) that if (F l ) (i,n,⋆) = 0, then the maximal twist in (F l ) (i,n,⋆) (as a Z-graded Q-free module) is
Hence, in view of (2.4.2) and (4.2.4), we obtain that
This completes the proof. 
where k and k ′ are some constants. But the method of proof makes it difficult to identify such constants (k and k ′ ) explicitly.
Remark 4.5. Similar proof as in Theorem 4.3 works for arbitrary multigraded setup.
In analogous multigraded setup, we obtain that
where the coefficients d 1 , . . . , d t can be determined explicitly in terms of degrees of the indeterminates of S, and the constant term e can be obtained from a multigraded free resolution of L over S (as in Section 4.2).
As a consequence of Theorem 4.3, we obtain the following:
Corollary 4.6. With Hypothesis 3.6, there are constants e 0 and e 1 such that
Proof. In view of Section 3.10, E (N ) even and E (N ) odd are finitely generated Z 3 -graded S J -modules, where
Therefore the result follows by applying Theorem 4.3 to N even and N odd .
Linear bounds of regularity for certain Exts
We are now in a position to obtain our main results. We prove these results with the following setup. where d(J) denotes the minimum number n such that J is generated by homogeneous elements of degree n.
5.3.
A sequence of ideals {I n } n 0 is called an I-filtration if II n ⊆ I n+1 for all n 0. In addition, if II n = I n+1 for all sufficiently large n, then {I n } n 0 is said to be a stable I-filtration.
Here are our main results.
Theorem 5.4. With Hypothesis 5.1, for every l ∈ {0, 1}, there exist constants e l1 and e l2 such that the following inequalities hold true.
More generally, if {I n } n 0 is a stable I-filtration, then for every l ∈ {0, 1}, there exist constants e l3 and e l4 such that
Proof. Let J be a homogeneous N -reduction ideal of I such that ρ N (I) = d(J). Then J ⊆ I and I n+1 N = JI n N for all n n 0 for some n 0 ∈ N. Hence (5.4.1)
Suppose J is minimally generated by homogeneous elements of degree
In view of (5.4.1), we obtain that N := n 0 I n N is a finitely generated graded R(J)-module. Therefore the inequality follows from Corollary 4.6.
(ii) We show that there is some constant e 02 such that
In a similar way, one can prove that there is some constant e 12 such that reg Ext
To show (5.4.2), we consider the exact sequences 0 → I n N → N → N/I n N → 0 for n ∈ N. These yield exact sequences of graded A-modules:
In view of Section 3.5, taking direct sum over i, n in (5.4.3), and using the naturality of the Eisenbud operators t j , we obtain an exact sequence of bigraded S J = R(J)[t 1 , . . . , t c ]-modules: Note that W (1, 0) is same as W but the grading is twisted by (1, 0). Setting
we have the following short exact sequences of bigraded S J -modules:
Since W is a finitely generated S J -module, C and E are also finitely generated S J -modules. Moreover, in view of Sections 3.8 and 3.9,
Hence, by virtue of Theorem 4.3, there exist some constants e C and e E such that
The sequences (5.4.5) yield exact sequences of finitely generated graded A-modules: In view of (5.4.8), by virtue of Lemma 2.3(iii), we get that for all i, n 0, where e 02 := max{e D , e E }. This completes the proof of (ii).
(iii) Note that J m (I n N ) ⊆ I m I n N ⊆ I m+n N for all m, n ∈ N. Therefore N := n 0 I n N is a graded R(J)-module. Since {I n } n 0 is a stable I-filtration, there is n 1 such that I n = I n−n1 I n1 for all n n 1 . So, by (5.4.1), we have
for all n n 0 + n 1 , which yields that N = n 0 I n N is a finitely generated graded R(J)-module. Hence the inequality follows from Corollary 4.6. (iv) This inequality can be obtained by applying a similar procedure as in (ii).
Examples
The following examples show that the bounds in Theorem 5.4 are sharp. for all i 0 and n 1. Hence the assertion (ii) follows.
